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I INTRODUCTION 

This is the first cuarterly report, October 8 ,  1965 to January 8 ,  1966 

under contract NASV-1341, "Laboratory and Theoretical Investigations of 

Chemical Release Experiments." 

A. WORK SUMMARY 

During this initial quarter the following work was performed. 

1. Experimental 

a. Chemiluminescence Measurements 

(1) There was completed and analyzed measurements of 

the Chemiluminous reactions between (a) atmospheric constituents of 

(i) atomic oxygen (ii) ozone and (iii) atomic nitrogen and (b) oxgano-- 

metallic compounds such as (i) trimethyl bismuth (ii) trimethyl 

phosphorous and (iii) dimethyl mercury and (iv)distbyl 

Some extremely interesting relations for the chemiluminous reaction 

of the entire class of organometallic compounds (including those pre- 

viously measured) were found. 

cadmium. 

This work is described in Section I1 A. 

(2)  There has been initiated a program of absolute 

calibration of the chemiluminescence reactions. 

constructed for this purpose using an NBS standard lamp. 

involves using previously obtained chemiluminescent spectra integrated 

against the photomultiplier sensitivity and comparing these results with 

the intensity due to the standard source integrated against the photo- 

multiplier spectral sensitivity. 

A setup has been 

The setup 
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The basic problem was that of comparing effectively a 

point source (the standard lamp) against a volume source (the t h e m i -  

luminescent emitting region). This was solved by removing both sources 

to distances from the photomultiplier much greater than the linear 

dimensions of the emitting region. 

in the next quarterly report. 

The results will be reported upon 

b. De-Activation Experiment 

1 The problem of measuring the deactivation of O( D) 

excited atomic oxygen by molecular oxygen has been completely analyzed. 

This has for its purpose the elucidation of one of the problems involved 

in the 6300s atmospheric emission caused by the release of molecular 

oxygen in the upper atmosphere. 

measurement in several alternative fashions has been set up and several 

initial runs made. This is described in Section I1 B. 

Further, the apparatus fo r  making the 

2. Theoretical 

As a concomitant part of the fluorescent study program a 

study was completed on the morphology of spherically symmetric fluorescent 

clouds in the intermediate range of optical thickness, T = 1 to 20. The 

concept here was to obtain realistic first approximations through a 

geometrical approach. It developed that the model used was applicable 

to other types of atmospheric clouds. Not only isotropic scattering 

phase functions such as that typical of atomic resonance clouds but 

also non-isotropic such a8 typical of Rayleigh scattering clouds and 

even Mie scattering particulate clouds are also subsumed under this 

model. This is discussed in Section 111. 
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B. FISCAL SUMMARY - OCTOBER 8 - JANUAJZY 2 

Category 

Principal Scientist 

Senior Scientist 

Scientist 

Technician "A" 

Technical Typist 

Total Hours 

Labor Breakdown 

Hours 

186 

- 

558 

2 

48 

0 

694 

- 

No. of People in Category 

2 

3 

1 

3 

1 

Labor 

Indirect Expenses 

Platerials,Supplies,Equipment 

Travel 

Total to date including overhead 

Cost Breakdown 

$5190.00 

0 

1824.00 

0 

$1$.500.00 

C. TRAVEL SUMMARY 

No trips taken this quarter. 
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I1 REPORT OM EXPERIMENTAL VORK 

A. ORGANOMETALLIC CHEMILUMINESCENCE 

It has been concluded from our previous extensive survey of the 

gas phase chemiluminous reactions of several groups of compounds with 

atomic oxygen, atomic nitrogen and ozone that the reactions of the 

organometallic compounds in general produce more intense chemilumi- 

nescence. Therefore, the reactions of some more organometallic com- 

pounds, e.g., trimethyl bismuth, trimethyl phosphorus, dimethyl mercury 

and diethyl cadmium have been investigated. 

features of our survey of the chemiluminous reactions of the organo- 

Table 1 shows the salient 

metallic compounds. The metallic components of the organometallic 

compounds studied by us are closely related to their positions in the 

periodic table. 

2nd B Group - Zinc, Cadmium and Mercury 
3rd A Group - Boron and Aluminum 
4th A Group - Germanium 
5th A Group - Phosphorous, Antimony and Bismuth 

Some similiarities in the spectra of the chemiluminescence 

produced by the reactions of the organometallic compounds of the 

metals belonging to the same group have been found. 

compounds of the remaining groups of the periodic table are either not 

available or do not have high enough vapor pressure, and therefore are 

not suitable for the chemical release study in the upper atmosphere. 

The organometallic 
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TABLE I 

CHEXILUMII4ESCENT REACTIONS OF ORGANOMETALXKS 
MITH ATMOSPHERIC CONSTITUENTS 

(SPECTRAL FEATURES) 

Ozone 

Large number of bands 
between 5000 and 6930a 
possibly OH band at 
3060g 

- Reactant Atomic 0- Atomic Nitrogen 

Tr ime thyl 
Bismuth 

Large number of 
bands b etveen 
3400 and 3700a 
some may be BiO 
bands 

CN red and violet 
systems CH and NH 
bands 

Trimethyl 
Phosphorus 

Con t inuum between 
3700 and 6800g, OH 
bands and possibly 
PO bands 

CN red and violet 
systems, CH and NH 
bands 

Continuum between 
3800 and 68002 
possibly OH band 
at 3060R 

Dime t hy 1 
Mercury 

Broad emission on 
40208 and OH band 
at 30608 

CN red and violet 
systems CH and NH 
bands 

Faint glow 

Dietyhl 
Cadmium 

CN red and violet 
systems CH and NH 
bands 

Continuum between 
3800 and 68008 
and OH band at 
30602 

Tr i e thyl 
Boron 

BO2 bands BO and BO2 bands CN red and violet 
systems CH and NH 
bands 

Tr ime thyl 
Aluminum 

Continuum CN red and violet 
systems CH and NH 
bands 

Continuum 

Tr imethy 1 
Antimony 

CN red and violet 
systems 

a and p systems 
of SbO 

Diethyl 
Zinc 

Continuum CN red and violet 
systems 

Faint glow 



However, the present study gives a fairly complete survey of the gas 

phase reactions of the organometallic compounds with atomic oxygen, 

atomic nitrogen and ozone. The recent results obtained during this 

quarter are summarized here. 

1. Atomic Oxyg en 

The relative intensity and spectral features of chemi- 

luminous reactions of atomic oxygen are given in Table 2. 

spectra of chemiluminescence produced during the reactions of the 

organometallic compounds studied during the present quarter are 

shown in Figures 1 through 4. 

luminescence produced during the reaction of trimethyl bismuth and 

atomic oxygen consists of a very large number of bands. 

observed pealcs may be identified with the known bands of BiO"). 

identification of the remaining bands is being attempted by photographing 

the spectra with larger dispersion and resolution. It may be noted 

that the spectrum of chemiluminescence produced during the reaction 

of trimethyl antimony and atomic oxygen also consists(2) of a large 

number of bands belonging to the a and f3 systems of SbO. 

The 

The spectrum (Figure 1) of the chemi- 

Some of the 

The 

Another compound of the same group studied by us is tri- 

methyl phosphorous. 

produced during its reaction with atomic oxygen consists of a continuum 

starting at about 38008 with increasing intensity up to about 70008. 

There is an indication of the presence of some bands at about 30008, 

The spectrum (Figure 2) of the chemiluminescence 
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TABLE % 

Reactant 

Tr ime t hy 1 
Bismuth 

Tr ime thyl 
Phosphorus 

Dime thyl 
Mercury 

Diethyl 
Cadmium 

REACTIONS b!ITH ATOMIC OXYGEN 

Spectral Features 

Bands Continuum - Intensity 

17 BiO bands and 
unlcnovm bands 

26 OH band (39601) (3700 - 68002) 
PO Band (33008) 

Broad band (40202) 
5 OH band (30602) ---------- 

2 OH band (30608) (3800 - 6800g) 
I 
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which may be due to the OH band at 30608. 

may be due to the presence of the /3 system of PO. 

and Gaydon") the strong bands of the f3 system of PO lie between 4360 

and 321Sk 

A second peak at about 3250g 

According to Pearse 

The intensities of the chemiluminescence produced during 

the reactions of dimethyl mercury and the diethyl cadmium are much 

less than the previous two compounds. The spectrum (Figure 3) of the 

chemiluminescence produced during the reaction of diethyl cadmium and 

atomic oxygen consists of predominantly an OH band at about 30602 and 

a continuum starting from 38008 and extending to 70002. The spectrum 

(Figure 4 )  of the chemiluminescence produced during the reaction between 

dimethyl mercury and atomic oxygen consists mainly of the OH band at 

306051 and a broad band at about 40308. 

regarding the HgO and CdO spectrum is available. 

However, no definite information 

2. Atomic Nitrogen 

Table 3 shows the relative intensity and spectral features 

of the chemiluminescence produced during the gas phase reactions of 

organometallic compounds with atomic nitrogen. 

chemiluminescence produced during these reactions mainly consist of 

the red and violet systems of CN and some CH and NH bands. 

rected spectra of the compounds studied during the present quarter are 

shown in Figures 5 through 8. 

files are different for the different compounds. 

bands have also been observed. 

The spectra of the 

The cor- 

It may be noted that the spectral pro- 

Some unidentified 
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It is apparent from Figures 5 through 8 and from Table 111 

that the relative intensity of CN (Red), CN (violet), CH and MI bands is 

different in different reactants. Moreover, the relative intensity of 

the bands belonging to the same system also varies. Kiess and Broida (3 1 

have also observed a similar effect in the spectra produced by the 

chemiluminous reactions of several hydrocarbons with atomic nitrogen. 

It may be noted that among the compounds studied during the present 

quarter, dimethyl mercury shows the strongent chemiluminous reaction 

with atomic nitrogen. 

reaction between diethyl zinc with atomic nitrogen is about seven times 

stronger than that of dimethyl mercury. 

However, the intensity of the chemiluminous 

3. Ozone - 
Among the compounds studied in this quarter, only diethyl 

cadmium did not show any visible chemiluminescence during its gas phase 

reaction with ozone. 

intensities of the chemiluminous reactions of ozone are given in 

Table 4. 

during their gas phase reaction with ozone are trimethyl aluminum, 

triethyl boron (from the previous study) and trimethyl bismuth (studied 

during this quarter). The corrected spectra of the chemiluminescence 

produced during the reaction of trimethyl bismuth and trimethyl 

phosphorus with ozone are shopm in Figures 9 and 10, respectively. 

The spectral characteristics and the relative 

The compounds which show relatively stronger chemiluninescence 
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TABLE 4 

REACTIONS WITH OZONE 

Reactant 

Tr ime thy1 
Bismuth 

Tr i m e  thy 1 
Phosphorus 

Dimethyl 
Mercury 

Diethyl 
Cadmium 

Intensity 

8 

15 

<1 

Spectra Features 

Bands Continuum 

BiO bands, OH bands 
and unknown bands 

OH band (3060g) 

19 
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B. DEACTIVATION OF O('D) BY MOLECULAR OXYGEN 

This section pertains to task A5 of the work statement. Of 

the two subtasks required, we discuss here the problem of determining 

by suitable laboratory experiments the rate of deactivation of 'D 

oxygen atoms by molecular oxygen. 

reyires a suitable mode of o( D) production as well as techniques by 

which the extent of D deactivation can be assessed. Since a variety 

of processes exist and can be utilized for both aspects it is appro- 

priate to evaluate the relative merits of the available methods. 

The performance of such measurements 
1 

1 

1 1. Production of D Oxygen Atoms 

1 The existing techniques for the generation of 

atoms in the laboratory all use uv photolysis of gaseous oxides: 

oxygen, aarbondioxide ozone, nitrous oxide and nitrogen dioxide are 

known to release 'D oxygen atoms upon irradiation with light of cer- 

tain wavelengths. 

enurner at ed . 

D oxygen 

The various photolysis mechanisms may be briefly 

Oxygen photodissociates in the wavelength region of the 

Schumann continuum, 

(1) O2 + hv 0 + W X = 1350 - 1700g 
yielding one normal oxygen atom and one excited to the ID state. 

Subsequent reactions of o-atoms involve formation of ozone by attach- 

ment to molecular oxygen, destruction of ozone, and deactivation by 02: 

22 



(2) 0 4- O2 4- M +  O3 4- M 

(3) 0 4- o3 + 2 o2 

( 5 )  w + o3 3 2 o2 

Rate constants for reactions (2) and (3) are reasonably well known. (4) 

An estimate for k has been given recently by Fitzsimons and Bair. ( 5 )  
5 

It appears that reaction (5) is much faster than the corresponding 

reaction (3). 

(4) violates the spin-rule. 

the third body requirement of reaction (4). 

Conversely, it is expected that k2 > k4s since reaction 

No information is presently available on 

The mechanism given above assumes that photodecomposition 

of ozone is negligible. This assumption usually is justified, because 

of the rapid removal of ozone by reactions (3) and (S), which keep the 

ozone concentration at a minimum. 

b. Photolysis of Ozone 

It has recently been shown by DeMore and Raper, ( 6 )  that 
1 at wavelengths around 25001 ozone dissociates yielding 0 ( D) with unity 

quantum yield. 

(7) O3 -f- hv 3 O2 -t gSr X - 25378 



Subsequent reactions in the presence of oxygen are reactions (2) through 

(6) given above. 

reactions (3) and (5) both produce oxygen in excited states which can 

augument the rate of ozone decomposition 

However, complications occur due to thefact: that 

(8) 02* 4- O3 3 2 0 4 0 2 

Also, it is usually difficult to prevent the presence of moisture, so 

that the reaction 

( 9 )  O* 4- H20 3 2 OH 

and subsequent reactions involving hydroxyl radicals have to be taken 

into account, 

elucidation of the entire ozone photolysis mechanism in the gas phase. 

These difficulties have as yet prevented a complete 

C. Carbon Dioxide Dissociation 

Photodissociation of carbon dioxide via the absorption 

continua located in the 1200 to 17508 wavelength region is now known to 

generate 'D oxygen atoms 

(10) C02 -:- hv 3 CO + O* X = 1200 - 17502 

The mechanism has been established recently in this laboratory ,(7- # 8) 

and consists of two competing reactions 

(11) o*+ 6 * f M - + 0 2  + M  

t 
(12) m + co2 3 cop 

24 



with the CO slowly decomposing. 

Cog has been inferred mainly from the lack of product balance of oxygen 

in its various forms, the existence and production of C03 by photolysis 

of C02 has more recently been confirmed by the use of the matrix iso- 

lation method in conjunction with infrared analysis in experiments 

While in this work the production of 3 

performed by Thompson and collaborators. (9) 

The photolysis of C02 has the advantage that the system 

It has, however, the dis- is initially free from any molecular oxygen. 

advantage that the absorption coefficients for C02 in the pertinent 

wavelength region 1200 to 1750g are small in comparison with those for 

oxygen, so that the photodecomposition process (10) is replaced by 

photodissociation of 02, if oxygen is added in larger 

extent of oxygen admixture necessary to effect 0 ( D) 

dictated by the deactivation rate constant. Since it 

1 
amounts. The 

deactivation is 

is now known from 

independent observations that the deactivation rate i s  not rapid, it is 

expected that the amounts of O2 addition required for efficient deacti- 

vation may exceed the limits set by the relative values for the absorption 

coefficients. 

less suitable for a study of deactivation due to 02. 

deactivation by N2, on the other hand, probably is very rapid so that 

It appears, therefore, that the C02 photolysis system is 

The rate of 

in this case the 

N in the vacuum 

lengths there N2 
2 

C02 system has advantages. 

ultraviolet is negligible except at isolated wave- 

absorption bands are located. 

Also, the absorption of 

25 



d. N20 Photodecomposition 

At wavelengths around 1850g, the main primary process 

of N20 photodecomposition is 

(13) N20 3- hv 4 N2 + o* (1 w 18SOX) 

Energetically, the excited oxygen atom can be either in the 'D or in 

(lo) has recently obtained evidence for the the S state, but Cvetanovic 
1 evolution of D oxygen atoms rather than '5 oxygen atoms. N20 photolysis 

by 1849g mercury radiation thus provides another way of generating 0 

( D). Doering and Mahan 

1 

have shown that at this wavelength a 1 

second less important 

(14) 

primary process is 

N20 + hv 4 NO + N 

comprising about 12 percent of the combined primary processes. 

sequent reactions involve mainly 

Sub- 

(15) O* + N20 -+ N2 f O2 

(16) O* + N20 + 2 NO 

(17) N + NO -+ N2 + 0 

(18) 0 3 0 + M-+ O2 .t M 

The first of these is the most important as it provides the only 

source of nitrogen in addition to the primary process (13). The 

nitrogen atoms generated by reaction (14) react almost completely 

with NO according to reaction (17). (12) Yamazaki and Cvetanovic 
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1 have shown that the addition of scavenger gases for 0 ( D), such as 

hydrogen can lower the quantum yield for N2 evolution, so that the 

extent of nitrogen generated due to reaction (15) can serve as an 

indicator for 0 ( D). 

of N20 for studing reactions of D oxygen atoms. 

1 Herein lies the value of using the photolysis 
1 

e. Photolysis of NO2 

The photodecomposition of NO2 has been studied most 

extensively in the 3000 to 45008 spectral region. 

however, photodecomposition occurs via an excited NO2 intermediate 

(1 > 4000%) and by ground state oxygen atoms produced by photodissocia- 

tion as the primary step, both processes being effective in varying 

At these wavelength, 

I 
contribution. The formation of 0-atoms excited to the D state occurs 

at much shorter wavelengths, namely below about 25002. Cvetanovic (10) 
1 has demonstrated the production of 0 ( I)) at 2288g, by photolysing at 

this wavelength NO 

(15) was observed through the formation of nitrogen. It appears, how- 

ever, that at present the mechanism of NO2 photodecomposition at 228853 

is yet incompletely explored and that further work is required to make 

this system a useful one for 0 ( D) reaction investigation. 

in the presence of N20. Occurrence of reaction 2 

1 

1 2. Monitors for D Oxygen Atoms 

The determination of rate constants and deactivation 

coefficients is predicated upon the observation of effects specific 

to I) oxygen atoms. 1 One such effect is the emission of radiation due 

I 
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to the (spin-forbidden) transition 'D - 3P. 
atoms can be distinguished from ground state 

of reaction (15), which excited oxygen atoms 

1 Chemically, D oxygen 

oxygen atoms by virture 

undergo easily, whereas 

with ground state oxygen atoms the reaction is slow. 

also chemical in nature is the relative rate of ozone formation and 

distruction. 

A third effect, 

These probabilities shall be discussed separately. 

1 a. 0 ( D) Emission 

1 Since the D - 3P transition is spin-forbidden, 
oxygen atoms display a long radiative lifetime. 

has a value of approximately 100 seconds. 

thought that this value is too large to enable the detection of radia- 

tion due to 0 ( D) in the laboratory, where the rate of chemical con- 

sumption is always much faster, but a brief calculation sho~is this 

reasoning to be faulty. 

The average lifetime 

It has previously been 

l 

Consider, for example, the photodecomposition of C02 

In 

D oxygen atom concentration is calculated from 

according to the mechanism given by reactions (10) through (12). 

the steady state the 1 

where the brackets signify concentrations, kll and k12 are the rate 

constants associated with reactions (11) and (12) respectively, and 

I / V  is the deposited photon flux. Solving for the oxygen atom con- 

centration we obtain 



Previous 

kll and k12 are: 

cc/molecule sec. 

has given kll/k12 = 7.8 x 10 3 sec. and estimates for 
2 kll M 4 x 

For an absorbed photonflux of lo1’ photons/cc sec, and 

cc /molecule sec and k12 w 7 x 

a CO, pressure of about 80 nml Hg. one calculates an atomic oxygen con- 

centration (bk) = 1.8 x 1014 atoms/cc. 

from this steady state 

.- 

The radiative flux resulting 
1 D oxygen atom concentration is 

1 14 E’ 0 -  [W] = x 1.8 x 10 
7 

M lo1’ photons/cc sec. 

1 
T = 100 sec is the radiative lifetime of 

of the flux is sufficient for detection by means of photomultiplier 

filter arrangements. Even if the oxygen atom concentration were by 

several orders of magnitude smaller, there would still be sufficient 

lizht emission for the detection of this radiation. 

630d radiation is of course the most direct and convenient mode of 0 

( D) detection, it appears that this method of 0 ( D) observation has 

particular advantages. 

should not be ruled out. 

D oxygen atoms. The magnitude 

Since the emitted 

1 1 

However, other methods to be discussed below 
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b. The N20 Tracing Method 

To evaluate the possibility of using nitrous oxide as 

a chemical monitor consider again the photolysis of C02 by the mechanism 

comprised of reaction (10) through (12). Addition of a small amount of 

N20(13) to the system suppresses the recombination of oxygen atoms, (14) 

because reaction (15) is more rapid, 

(15) are in competition with each other. 

Accordingly, reactions (12) and 

(12) o* -!- co2 + cog 

(15) O* 3 N20 + Ng + O2 

The formation of NO via reaction (16) is ignored for the present purpose. 

It is also assumed that N20 is present in amounts sufficiently small so 

that its photodecomposition is negligible in comparison with that of 

C02. 

reaction (15) is neglected, the photochemical equation for nitrogen 

or oxygen evolution read 

If in addition the depletion of N20, due to the occurence of 

leading to the expression 

- I A t  - 
m2 E m2 1 + k12 [C02]/k15 [NZO] 
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for the amount of nitrogen or oxygen evolution. 

a scavenger, one has to consider in addition reactions (Z), (3 ) ,  (4) 

and (6). 

If oxygen is added as 

(3) 

( 4 )  

bk -:- o2 --p 0 4- o2 

o* f O 2 ( m  -+ o3 (SM) 

(6) O* + O3 + 2 O2 

0 3. O2 + - M + 0 3  + M  (2) 

Reaction (5) may be neglected. 

these conditions is smaller, being 

The amount of nitrogen evolution under 

It can be seen that the consumption of 'D oxygen atoms is increased not 

only by removal due to oxygen, but also by the subsequent fast: reaction 

with the ozone thereby formed. 

to set up steady state conditions for ozone, the rate of O( D) removal 

is exactly twice that of the reaction with oxygen. It should be noted 

that this method cannot distinguish between reactions (3)  and ( 4 ) ,  i.e. 

the formation of ozone by attachment of O( D) to oxygen, and the de- 

sired deactivation reaction because both reactions lead eventually to 

ozone formation. 

If this reaction is sufficiently fast 
1 

1 
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Furthermore, it can be seen from the above equation that only ratios of 

I 

rate constants can be determined. 

oxygen addition. 

tory experiments from which it can be inferred on the bases kI2 GV 7 x lo-'' 

cc/molecule sec that k15 IZ: cc/molecule sec. Accordingly, by de- 

termining the ratio 2 (k3 -:- k4)/kI5, one can derive values for the 

combined rate constants kg 6 k4. If (k3 4- k4) 2 loo1' cc/molecule sec, 

the amount of 0 necessary to produce deactivation can be kept at less 

than one percent of the total gas mixture. 

The ratio k12/krs is measured without 

A preliminary value has been obtained in recent labora- 

2 

Under these conditions, the 

influence of O2 absorption upon the photolysis primary process are still 

tolerably small. 

c. Ozone as a Tracer 

The possibility of using ozone as an indicator for 

1 3 1 O( D) atoms exists because of the different behavior of P and D 

oxygen atoms with respect to ozone and oxygen. 

best realized in the 1470g photolysis of oxygen which w i l l m :  be con- 

These possibilities are 

sidered. When a flow of oxygen is irradiated at atmospheric pressure 

the observed ozone quantum yield is two. 

fore, the ground state oxygen atom and the 'D oxygen atom generated in 

At these pressures, there- 

the primary photodissociation process both attach to oxygen. The 

excited oxygen is most probably deactivated before being attached. 

The behavior at lower pressures depends on the ratio of rate con- 

stants k /k and (k3 -+ k )/k6 for the reactions 2 5  4 
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1 

1 

(2) 0 f O2 4- M -+ O3 4- M 

( 5 )  0 + o3 + 2 o* 

(3) odc -:- o* (*) + o3 (+M) 

(4) w + o2 0 + o* 

(6) O* + O3 -. 2 O2 

Since k6 > k5 and k 3 k 2 3  there exists a pressure range where reaction 

(5) can still be neglected when compared to reaction (2) while reaction 

(6) cannot. As a consequence, the ozone quantum yield should decrease. 

This is indeed in accord with observations. Previous and current ex- 

preiments in this laboratory have established that the ozone quantum 

yield decreases with decreasing pressure in the pressure range 25 to 

760 mm Hg, keeping all other conditions (temperature, flow rate, light 

intensity) constant. 

in the following bray. (14) 

source as a stirred reactor gives the equations 

A brief analysis of these experiments can be made 

Treating the reaction space next to the light 

I v h o3 
V 3 - v '  A (k3 + ~ c ~ ) ( O ~ ) ( W )  - k6 (03)(W) 
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Where v is the bulk flotr rate, V the reactor volume, and I the deposited 

light intensity. This gives an equation for ozone 

This expression yields an ozone quantum yield A (03) v/I = 2 for k6(03)<< 

(k3 + k4)(02) and an ozone quantum yield of unity for (k3 + k4)(02) = 

k6 ((I3). 

observed at room temperature to occur at pressures around 40 mm Hg of 

02, corresponding to an O2 number density of (02) = 1.2 x 10 

molecules/cc, where light intensities of 7 x l0I5 quanta/sec and flow 

rates around 7 cc/sec are employed. 

The crossing point where the ozone yield is unity has been 

18 

Accordingly, 

If the value k6 = 3 x 10''~ cc/molecule sec given by Fitzsimmons and 

Bair") is employed our preliminary estimate for the combined rate of 

deactivation and ozone formation of 0 ( D) is k3 -I- k4 = 2.5 x 10 

cc/molecule sec. 

dependence was assumed to exist for reaction (3). 

dependence exists, it will be possible to separate the two rate con- 

1 -15 

Note that in the derivation of this value no pressure 

If such a pressure 

stants k and k4. 3 
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C. 

for the 

CONCLUSIONS 

An evaluation 

determination 

has been given of the various methods suitable 

of O( D) deactivation by oxygen. All of these 1 

1 

techniques generate O(LD) atoms by photolysis. 

the photolysis of oxygen has provided a preliminary estimate of the 

rate of O( D) reaction with oxygen. 

technique for monitorhg O( D) during reaction appears to be by detec- 

tion of the 6300g emission. 

investigate this possibility. 

One of these systems, 

1 The most profitable and convenient 
1 

Experimentation is currently underway to 
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PHASE FUNCTION OF SCATTERING FPdM A HOMOGENEOUS OPTICALLY DENSE 
FLUORESCENT CLOUD 

A. FORMULATION OF THE PHASE FUNCTION PROBLEMS 

1. Motivation end Anplicabili tv 

In  t h e  course of t he  inves t iga t ion  of t h e  f luorescent  

behavior of released material i n  the upper atmosphere i t  became apparent 

t h a t  a simple treatment of t he  op t i ca l  behavior of such clouds with regard 

to  aspect (phase behavior) pa r t i cu la r ly  during t h e  regime of intermediate 

o p t i c a l  thickness (T = 1-20) would be advantageous. Further i t  was found 

t h a t  such a treatment was appl icable  t o  a l l  kinds of s c a t t e r i n g  regardless  

of whether t he  sca t t e r ing  was i so t rop ic  provided the  o p t i c a l  depth wae 

dependent i n  a l i nea r  fashion upon t h e  moss. 

is a l s o  applicable t o  atomic resonance clouds, Rayleigh sca t te r ing ,  and 

Mie sca t t e r ing  despi te  t he  va r i a t ion  of the  s c a t t e r i n g  function with angle. 

In  t h e  Bsyleigh sca t t e r ing  case t h e  phase function d i f f e r s  from i s o t r o p i c i t y  

only by a f ac to r  of two while i n  the Mie sca t t e r ing  case f o r  Cr: = 2nR/X > 1 

most of t he  sca t t e r ing  i s  i n  a forward d i r ec t ion  with lobe s t ructure .  

t h e  Mie sca t t e r ing  case where sca t t e r ing  phase function is not uniform the  

geometrical shape of t h e  sca t t e r ing  volume Is reasonably described but t h e  

absolu te  brightness as a function of  angle is dependent upon the  phase 

function. 

Consequently, such ana lys i s  

In  

It i s  emphasized tha t  the  basic  simple scheme analyzed i s  

a t  b e s t  a f i r s t  approximation t o  a complex phenomena r e a l l y  requiring the  

complexities of a r ad ia t ion  t ransfer  calculat ion.  Simply s t a t e d  a region 
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i s  determined i n t o  which the l i g h t  can penetrate.  

circumscribed by determining from what port ion of t h i s  f i r s t  region a 
l i g h t  can escape t o  the  observer. 

This region is fu r the r  

'Ihe object ive of t h i s  repor t  i s  t o  depict  the isophote 

curves in  a plane image of l i g h t  sca t te r ing  from a homogeneous o p t i c a l l y  

dense spherical  cloud as they appear t o  an observer a t  an a r b i t r a r y  phase 

angle with the  sun. 

In  Figure 11 is shown a schematic of the  spher ica l  cloud 

of rad ius  R being i r r ad ia t ed  by a beam of  collimated l i g h t  from the  sun 

and the  image of the luminescent spherical  cloud as it  appears fn the  

image plane (q , h )  of an observer a t  an angle 8 with the  sun, 

The immage plane (7 , h) is  p a r a l l e l  t o  the  ax i s  of t he  

cloud, t he  Z-axis. 

The l i n e  of centers,  AO, which passes through the  center  

po in t  A of the  spher ica l  cloud and the  point  0,  t he  center  of the  image 

plane,  i s  coincident with a v-axis of a t r i h e d r a l  reference system car r ied  

by the  observer. 

?he (fl , (r) plane o f  the  observer coincides with the  (xl y) 

plane of the  cloud. 

Since the collimated beam of sunl ight  i s  p a r a l l e l  t o  the  y- 

axis of the  cloud it is seen tha t  t he  angle 0 of the  observer i s  equal t o  

t h e  angle between the y-axis and the a-axie. 
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OF 9 R S E R V E R  

Figure 11. Schematic of photoluminescent homogeneous spherical 
cloud and orientation of image plane of observer at 
an angle 8 with the sun. 
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2. The Photoluminescent Cloud Solid 

It is assumed that the irradiated cloud is optically dense 

to the penetration of light for optical depths greater than unity. 

Furthermore, it is assumed that the cloud is 100 percent 

optically then at all points penetrated by the sunlight. 

It is further assumed that photons are generated homage? 

neously at each of these penetration points. 

that a homogeneous photoluminescent solid region is generated in the 

spherical cloud, as shown in Figure 12. 

That is to say, it is assumed 

In Figure 12 it is seen that the parallel plane sections, 

h, of the spherical cloud, of radius R, shown in Figure 13, intersect the 

optically displaced sphere B and the spherical cloud A so as to generate 

a plane crescent region, defined by the intersection of two circles of : 

radius r, wherein, 

3. The Bri~htness Function d = a(q, r. 0 1  

It is assumed that the light generated in this photo- 

luminescent solid region can emerge from the spherical cloud only for those 

depths which do not exceed the unit optical length, We = 1. 

I 
In other words, to the observer, only that portion of the 

photoluminescent cloud solid which is in front of a unit optical length 

displaced sphere, will emerge from the cloud and appear In the image plane 
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F i g u r e  1 2 .  Schematic of photoluminescent  c loud  s o l i d  formed from i n i t i a l  
s p h e r i c a l  c loud  by  i n t e r s e c t i o n  w i t h  d i s p l a c e d  sphe re  3 ,  
;huwii ; , i l i~p~actment  d i s t a n c e  equa l  t o  o p t i c a l  depth  

, and plane  s e c t i o n s  h .  - - 
e 
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A X I S  OF c CLOUD LIGHT 
FROM 
THE SUN 

Figure 13. Schematic of spherical cloud, of radius R, showing 
reference plane sections h ,  
w i t h  section radi i  r, h2  = R 

a r a l l e l  to the equator, 
3 2  - r . 
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of his camera (or photosensitive device). 

in Figure 14. 

This truncated solid is shovm 

It is further assumed that this emerging light, in passing 

through the spherical cloud to the observer, does so without diminution 

in intensity. 

The amount of light, m1 which reaches the image plane at 

the point (7, h) is defined by the formula 

where U = U(q,  r, e )  is the length of the segment of the line, defined by 

the intersection of the two planes 

and 

." < q = constant, - R = 7 <= fi L 

I 
wherein 7 and h are defined relative to the trihedral frame (11, h, a) of 

the observer, at an angle 8 

luminescent cloud solid. 

in Figure 14. 

with the sun, cut off by the truncated photo- 

The line segment d = d(7, r, €I) is illustrated 

For a fixed value of the angle of observation 6 and for a . I :  - .  

2 2 2  fixed value of thesection redius r (that is, with h fixed in h = R - r ), 
for a given size spherical cloud of radius 6, the Q equation, (2) can be 
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Figme 14. Schematic of plane section, h equal a c o m t a n t ,  of fruncated 
p $ o t q l y i n e s c e n t  cloud solid, showing l i n e  segment V-J(Ti,r,O), 
h-=R -r , and intersect ion of image p lane  (Y,h) of observer a t  
the a n g l e  8 w i t h  t h e  sun. 
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solved for the horizontal component 1) of the plane image point (7, h): 

rl -- rl@, r, e )  ( 4 )  

The pair of equations 

determine the locus of the isophote 

( 5 ’ )  u = u(qa5r6 e) - constant 

in the image plane (rl, h) for a given orientation angle e of the observer. 

The isophote curves, d = constant, for the photolumines- 

cent spherical cloud of radius R, in the image plane 8 = constant, are 

found by plotting the points (7, h) which satisfy the equations in (5) for 
< <  the specified values of R and 8 ,  0 = 8  = 180 degrees, and for arbitrary 

values of 0 in the range 0 = u = < < 1. 

4. The Circular Arc Region of Definition of d 

This descriptive statement about the isophote curves u = 

constant not only provides a statement of the phase function problem but 

it also specifies its solution: 

isophote curves Q = a(q, r, e)  = constant, for each phase angle 8 ,  can be 

interpreted as operations to be followed graphically or analytically which 

lead to a representation of the isophote curves. 

The operations required to define the 
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The operational ins t ruc t ions  required t o  construct the 

curves U = Q(Tr, r , 6) a r e  embodied in the  descr ipt ion of the  plane sect ions 

of the  truncated photoluminescent so l id  depicted i n  Figure 14. 

The region of de f in i t i on  of d = U(V, r ,  8 )  is a c i r cu la r  

are region i n  a plane section, h = constant, -I! <, h <, - R, of the  truncated 

photoluminescent cloud solid defined as tha t  por t ion  of t he  spherical  cloud 

A which is exter ior  t o  both displaced spheres B and C, of equal radius  R, 

i l l u s t r a t e d  i n  Figure 14. 

In  the  plane h = constant, - E: <, h $ R, the  t r aces  a re  

2 circles of radius  r, with r* = R2 - h . 
These c i r c l e s  have centers  A, B, and C, corresponding to  

the  axes of the  homogeneous spherical  cloud A, the  displaced sphere B 

because of the  sun and the observer’s displaced sphere C, respectively.  

These center  points  A, B, and C, i n  t he  plane h = constant,  form an 

i sosce le s  t r i ang le  with s ides  

1A BI = 1, 1A Cl = 1, and IB Cl - 2 s i n  1/2 8 

In the  plane h = constant, the  region of Q = U(Q, r, e)  is 

t he  por t ion  of c i r c l e  Atvhich i s  ex ter ior  t o  both circles B end(’C. 

In  pa r t i cu la r ,  ~ ( q ,  r, 8 )  is defined as the  length of a 

chord of the  boundary of t h i s  c i r cu la r  a r c  region, which shord is i n  the  

d i r e c t i o n  of the U-axis (see Figure 14). 
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The geometric shape 02 t h i s  c i r c u l a r  a r c  region of def ini-  

t i o n  of u = U(7, r ,  8 )  is a function of r and 8;  typ ica l  shapes a re  i l l u s -  

t r a t e d  i n  Figure 15. 

Note i n  Figure 15 (and i n  Figure 14) tha t  the  l i n e  segment 

~ ( 7 ,  r9 6 )  i s  p a r a l l e l  with the d i rec t ion  of t he  l i n e  segment A C, t h a t  is, 

the  d i r ec t ion  defined by the angle 8 ,  while the  posi t ion of c, r e l a t i v e  t o  

the  c i r c u l a r  arc region, i s  a function of 7. 

A simple excercise i n  constructing c i r cu la r  arc shape 

regions l i k e  those i n  Figure 15 points out  the  f a c t  t ha t  a systematic 

descr ipt ion of t he  l i n e  segment U(Q, r3 0 )  is not a simple matter. 

(a), (b), and (c), of Pigure 15 are  usual ly  guessed a t  beforehand, when 

r > 1; but sketches (d), (e), and ( f )  a r e  only real ized when r i s  i n  t h e  

range 1/2 < r < 1 and 8 is nearly 180 degrees. 

Sketches 

Because of the apparent labor i n  a systematic, ana ly t ic  

tabula t ion  and descr ipt ion of t h e  possible  length and or ien ta t ion  of the 

chord which defines ~ ( r ) ,  r, e) for these c i r cu la r  a rc  regfons, and because 

of the  questionable, severe physical assumptions t h a t  the cloud can be 

both op t i ca l ly  dense and thin, i t  was deemed advisable t o  concentrate on 

a graphical approach t o  the problem. This approach is taken up i n  para- 

graph B of t h i s  section. 

I n  order,  however, t o  gain an insight  i n to  the systematic 

complications which a r i s e  when the phase function problem is tackled from 

an ana ly t i c  approach, paragraph C of t h i s  sec t ion  takes  up an ana ly t ic  

~. . 
I 
I 
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Figure 15. Sketches of  typical shapes of the circular arc region 
of definition of (r = c(q,r,O). 
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descr ipt ion of t he  regions of def in i t ion  05 U(T r- 6 )  i n  a manner which 

leads t o  spec i f i c  fomulas for a(% r, 0 )  = cr which can be handled numeri- 

cal ly .  

B. G P U H I C A L  APPROACH TO THE PROBLEM 

1. The Isoohote Curves i n  the  Image Plane f o r  Different Size 
Clouds 

The function u = u($ r, 8 )  represents t he  brightness a t  

the point  (Q , h) of t he  image plane, 6 = constant,  of an observer who is 

viewing the homogeneous op t i ca l ly  dense spherical  cloud, of rad ius  C, 

along l i n e s  of s igh t  which make an angle 8 with the  sun (see Figures 11 
2 2 2  and 14), wherein, h = R - t 

The plane h = constant, i n  the 4 u t r i h e d r a l  frame -. 

associated with t h e  image plane of the  observer, is coincident with the  

plane 2 T h i n  the  ( x ,  y ,  z )  coordinate axes frame associated with the 

spher ica l  cloud. 

The c i r c l e  of radius r, r = Jn2 - h2, is the  plane t r ace  

c i r c l e  with the  sphere i: - constant. 

It is  evident t h a t  both r and Ihf have the  range from 0 

to R, t he  length of the  rad ius  of the spheres A, B, and C, and t h a t  the  

choice of e i t h e r  r or h within t h i s  range is independent of B. 

The point  i s  tha t  the parameter r, i n  the  de f in i t i on  of 

the  br ightness  function # = a(7, r , e), can be shoxen in  the  range 

0 6 r <, R for any value of B, but that once R is fixed in value, then h 

is determined by the  simple formula h = f d-, f o r  t he  given choices 

of r and R. 
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This means two things: f i r s t ,  t h a t  the  value of the bright- 
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i 
1 
I 
I 
I 
I I 

ness function U - (7, r, e) I s  fixed with the choice of q, r, and 8 ;  and, 

second, t h a t  the  brightness a t  the point (q, h) of the  image plane,@ 

say (orientated by the  choice of the parameter e) is U f o r  a l l  choices of 

h which s a t i s f y  the  equation h = *(=, for  a l l  choices of R such 

that 0 < r < R. = e  

In  other  words, suppose t h a t  the  t r ace  c i r c l e  r is  fixed 

a t  r = 5 (opt ical  lengths, say) i n  the formula C(q, t ,  e). Then, on one 

hand, i f  the spherical  cloud has a radius  E! = 5 ,  then the  value T of the 

brightness function a(?, r, e) i s  d = (q1,5,6i) = al a t  the point rl = rlls 

h = 0 i n  the image plane 0 = el, since h = & \1 rz - r2 = -f--\m = 0; 

while on the other  hand, i f  the  spherical  cloud has the  enlarged radius  

R = 10, then u = u, a t  t he  point  q = q,, h = 5- of t he  image plane 
J. - L 

8 = el, s ince h = 2 d n  = 24 100 - 25 = +m = 5 0 ,  i n  t h i s  

case. 

from the  point  9 = q1, h = 0 t o  the points  q = rll, h =f 5 v w h e n  the 

spher ica l  cloud enlarged from R = 5 t o  R = 10. 

The value of the  brightness u remains a t  U = bl, but Uhas  sh i f t ed  

Alternately,  t h i s  means t h a t  i f  the  brightness function 

a = r(9, r, 8 )  has the  value u = u1 f o r  given values of and hl i n  the 

image plan&l, associated w i t h  the spherical  cloud 

say, then i n  t h e  image plane@ associated with the  spherical  cloud 

, of radius  R = F?, 
?l 

of rad ius  R = % > R1, the  brightness C2 at t he  point q = V2, h = h2 has 

the  former value u t h a t  is, u2 s u l ,  provided t12 = Tl and r2 = rl, t h a t  is, 1’ 
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This leads to the important 

Lema 

I 

orientation angle 8, have isophote curves cr = a(7, r, 6 )  = constant which 

map into each other under the transformations 

The physical significance of this conclusion is that knowledge of 

the brightness function a(7, r, 0 )  is transferable from one size cloud to 

another, provided both clouds are of the same species. 

2. Specification of the Cloud Examined Graphically 

Consider now a graphical approach to the determination of 

the brightness function u = u(q, r, e) for a particular cloud 

If the unit optical length is chosen equal to 1 7/16 

inches then a scale 

1 : 1.4375 ( 9 4  

is fixed for all drawings corresponding to 

1 optical length z 1.4375 inches (9b) 

However, from a practical point of view an engineer scale in (9a) can 

be used, so that in the drawings 

1 optical length 5 1 unit ( 9 4  
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A c l o u d p w i t h  radius It equal t o  four op t i ca l  lengths 

(depth of penetration, t h a t  is) was used: 

Designation 

The following se lec t ion  of trace c i r c l e s  r was made: 

e 
I 
I 
I 
I 

NO. 2 
NO. 3 
NO. 4 
NO. 5 
No, 6 

No. 8 
No. 9 

NO. 7 

NO. 10 

P, = 4 opt ica l  depths E 5.75 inches = 4 un i t s  (10) 

TABLE 5 
TABULATION OF TRACE CIRCLES r 

Optical Length 

0.75 
1.00 
1.25 
1.55 
2.05 
2.55 
3.00 
3.55 
4.00 

3. Descriution of a Simple  Analog Device 

Units 

0.75 
1.00 
l e  25 
1.55 
2.05 
2.55 
3.00 
3.55 
4.00 

In  order t o  f a c i l i t a t e  t he  graphical constructions a simple 

analog device was designed. 

This device consis ts  of four items: 

a b r i s t o l  board 15 inches by 20 inches 

a sheet of acetate  of c i r cu la r  form with a 13-inch 

diameter, nearly 

a sheet of ace ta te  of 10 inches by 14 inches 

retangular form 

a s t r i p  of acetate  about 1 inch by 8 inches. 
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On the  b r i s t o l  board two systems of the  concentric t r ace  

c i r c l e s  r (see Table 5 )  were drawn with centers  A and B, displaced one 

op t i ca l  length (depth) apar t r  t ha t  is  one un i t  (3 1.4375 inches), along a 

y-axis, corresponding t o  the d i rec t ion  of the  l i g h t  from the  sun (see 

Figures 11 

correspond 

and 14). 

Those circles w i t h  center  a t  A, o r ig in  of an x, y system, 
1 

t o  the plane t r aces  of the spherical  cloud , and those c i r -  

c l e s  with center  a t  B correspond t o  the  plane t races  of the  displaced 

sphere B because of the  sun (see Figures 12, 13, and 14). 

A un i t  circle w i t h  cen ter  a t  A, passing through the point 

B, was drawn t o  designate the  locus of the  point C, the  ax is  of the  

observer's displaced sphere. 

On the  c i r c u l a r  form ace ta te  sheet the  tabulated system 

of concentric t r ace  c i r c l e s  r was  inscribed, with a s ty lus ,  with a center  

po in t  designated as C, a s  w e l l  as two perpendicular l i n e s  through the  

point  C, t o  correspond t o  the  pa i r  of T), U corrdinate  axes. 

The inscribed c i r c l e s  and p a i r  of l i n e s  were rubbed over 

with a p iece  of red  crayon and the ace ta te  sheet wiped off, leaving a 

g r i d  of red circles and the qr Q axes. 

The point  A was designated on the a-axis, a u n i t  distance 

(one op t i ca l  depth) from the  point C. 

This c i r c u l a r  ace ta te  sheet t7as then placed on top of the  

bristol board with the points A matching and the  overlay was then attached 

with a p i n  through the  b r i s t o l  board a t  the point A. 
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With the point C of  the overlay turned t o  coincide with 

the  point B of the  b r i s t o l  board, the  pos i t i ve  +axis was chosen t o  f a l l  

along the pos i t i ve  x-axis with the a-axis along the y-axis, the  d i r ec t ion  

of l i g h t  from the  sun. 

By ro ta t ing  (clockwise) the  c i r c u l a r  ace ta te  overlay 

sheet about the fixed p in  a t  A, t h e  system of concentric c i r c l e i ,  with 

centers  at  C, moves with the  point C (as it (C) traces the un i t  (opt ical  

depth) c i r c l e  on the  b r i s t o l  board)-and a system of c i r cu la r  a rc  regions 

i s  establ ished f o r  each or ien ta t ion  8 of the  sheet. These c i r c u l a r  a r c  

regions correspond t o  the  plane sections of the  truncated photolumines- 

cent  cloud so l id  (see Figures 1 2  and 14). 

In order to eas i ly  read off t h e  values of the  segments 

U 

region, i n  the  o;direction, the rectangular sheet of ace ta te  is used. 

U(q, r ,  e ) ,  t he  chord length across the boundary of the c i r cu la r  a rc  

On t h i s  10-inch by 14-inch rectangular sheet a fine sys- 

tem of p a r a l l e l  l i nes  was inscribed t o  correspond t o  the  7 = constant 

l i nes ,  as well  as a coarse system of para l le l  l i n e s  t o  correspond t o  

U = constant l ines .  

This (q ,U) gr id  of inscribed l i n e s  was rubbed with a 

green crayon and wiped off, leaving a gr id  of green l ines .  

The pr inc ipa l  axes 11 - 0 and u = 0 were c l ea r ly  marked 

o f f  and the  o r ig in  designated as the point C. 

by pos i t i ve  and negative numbers running the  range of t h e  t r ace  circles r 

(with the necessary intermediate values) . 
The 11 l i nes  were designated 



I 
I 
I 

I 
I 
I 
I 
I 
I 

I 

This rectangular ace ta te  sheet was then l a i d  over t he  cir- 

cu la r  acetate sheet (pinned t o  the  b r i s t o l  board a t  t he  poin t  A) so t h a t  

t he  two poin ts  C on the  two ace ta t e  shee ts  were superimposed, t h e  pos i t i ve  

7 axes of both shee ts  coinciding. 

The system of  constant q l i n e s  (of t h e  rectangular gr id)  

f a l l  across the  system of c i r c u l a r  arc regions corresponding t o  the set 

of trace curves r = constant, and the  intercepted chord lengths  def ine 

the  value u of a(q, r ,  e). 

The numerical value of U, wherein 0 5 Q <  1 un i t ,  is read - 
off  t h e  l i n e  11 = constant by means of t h e  1-inch by 8-inch s t r i p  of 

acetate film. 

are then divided up i n t o  tenths ,  which are then halved. 

f ineness  of 1/20 = 0.05 u n i t s  i n  reading o f f  t h e  value of 6. 

This s t r i p  of ace ta te  is scr ibed o f f  i n  u n i t  length which 

This gives  a 

4. The Circular  Arc Regions fo r  6 Eaual a Constant 

In  applying this analog device t o  t h e  phase function prob- 

l e m s  a t  hand it  is Pound b e s t  t o  take t h e  operations in smaller steps. 

That is it was found bes t  t o  perform the graphical s teps  one a t  a t i m e  

r a t h e r  than use t h e  completely assembled device. 

For a given o r i en ta t ion  8 (selected a t  10-degree in t e rva l s )  

of t h e  observer t h e  system of c i r c u l a r  arc regions was constructed by placing 

a p i ece  of t r ac ing  paper over t h e  b r i s t o l  board (with t h e  c i r c u l a r  form 

acetate sheet  removed) and using the operational scheme indicated on the  

b r i s t o l  board as a reference background. In  order t o  avoid confusion and 
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too much superposition, the trace circles r were talcen i n  two groups 

according t o  the  evenness o r  address of t he  designation number (see 

Table 5 ) .  

sheet  (for a given value of €3) f o r  t h e  trace circles N0.2, No.4 N0.6, 

110.8, No.10, while t h e  trace c i r c l e s  Xo.3, No.5, No.7, No.9 were drawn 

i n  on another sheet  (for t h e  same value of e). 

That is  t o  say the  c i r cu la r  arc regions were drawn i n  on one 

I n  each case t h e  q, d reference l i n e s  were c l e a r l y  marked 

on each drawing. 

I n  Figures 16, 17, and 18 are shown representa t ive  repro- 

ductions of such drawings fo r  8 = 70, 120, and 160 degrees, respect ively,  

f o r  even numbered designated t r ace  circles r. 

After t he  c i r c u l a r  a r c  regions a r e  drapm i n  the  value OS 

t h e  brightness u = cr(r), r , e) is found by means of t h e  rectangular a c e t a t e  

grid. This g r id  is  l a i d  on top of t h e  drawing with the  Tis IY axes of t he  

drawing and sheet  coinciding, and the  length of chord u across  each cir- 

c u l a r  arc region read o f f ,  by peering through t h e  t ransparent  ace t a t e  

sheet ,  f o r  each value of 11 = constant. 

Q ( V ,  r , e )  is  a simple matter by use of t h e  scale on t h e  ace t a t e  sheet. 

Zeading o f f  t he  chord length 

5 .  The Evaluation of U = a(?, r ,  e )  and q = V(U, r, e )  

The values of Q = U(7, r , e) were read o f f  t he  drawings 

f o r  0 equal t o  mul t ip les  of 10 degrees: i3 = 0 ,  10, ..., 170, 180 degrees 

and fo r  values of rl varying by steps of 1/10 of a u n i t  as w e l l  as t h e  

extreme values of r and apparent cr i t ical  point8 of abrupt changes in the 

boundary of t h e  c i r c u l a r  arc regions. 
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~ T s 5 8 -  7 0 H  .\ 

Figure 17. Plane sections of photoluminescent cloud; 8 - 120'. 
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Figure 18. Plane sect ions  o f  photoluminescent ciuud; 3 = ICO? 
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The da ta  sheets  for  the  values of u(q, r ,  e), f o r  each 

o r i en ta t ion  angle 8 ,  were f i l l e d  out by d i r e c t  reading of t h e  chord lengths 

on t h e  drawings, 

8 = 70 degrees. 

chord segments. 

A sample da ta  sheet i s  shown i n  Table 6 corresponding t o  

In  Figures 16, 17,  and 13 note t h e  constructed V ( V , - r ,  €3) 

For a given o r i en ta t ion  angle €3, t he  t a b l e  of values of 

6 = a(?, r ,  6) shovs how the  image of t h e  apparent brightness (of t he  

2 2  photoluminescent cloud) va r i e s  i n  the  image plane 7, h, where h2 = R - r 
and R = 4 o p t i c a l  depths = 4 units.  

In such an image plane, f o r  a given value of b; ( tha t  is, 

r) the  value of 6 var i e s  from the  value zero a t  one boundary (of t h e  

spher ica l  cloud) t o  a possible maximum value w = 1 and then o the r  back t o  

a zero value again a t  the  o ther  boundary of the  cloud. 

The horizontal  component 7 of t h e  image poin t  (q, h) of 

t he  isophote w = constant, 0 6 Q<,  - 1, is designated by formula (4) and is 

defined by t h e  p a i r  of equations 

and 

0 - 3  

For a 

hor izonta l  components 

constant = 1oJ' s - 0,1,...,9,10, say (1W 1 

given or ien ta t ion  angle €3 and trace circle r, t h e  

1 corresponding t o  u = 1/1Os, f o r  a f ixed value of 

6 ,  s4,1,2,..*,9,10, are found graphically by plotting the values of  the 
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brightness function B = U(7, r, e), as given by the  t ab le  of values of 

U(q, rs e ) ,  CT versus rl, and then in t e r sec t ing  t h i s  brightness curve with 

the  hor izonta l  l i n e  U = l/lOs, s fixed. 

In  order t o  smooth out  t h e  values of V ( 7 ,  r, 6 )  (as read o f f  

the  drawings) a t  was deemed advisable t o  make a blown up p l o t  of t h e  

brightness function curve, u versus T, t h a t  is, U = u(T, r, e ) ,  f o r  

I: = constant and 8 equal a constant, and sketching* i n  the  B versus 9 

curve. 

The values of 7 =T)(B, r, e ) ,  = 1/1Os, f o r  s = O,1,2,..., 

9,lO were read o f f  t h e  u versus 7 curves f o r  t he  following t h i r t e e n  values 

of 6: 

presented i n  t h e  series of t ab le s  designated as Tables 7 through 19, respec- 

t ively.  

0,10,20,30,40,50,70,90,110,130,150,170, and 180 degrees and are 

me s e t  of isophote curves d = 1 / 1 O s ,  s i n  the  range zero 

t o  ten,  i n  t he  image planes (7, h)  corresponding t o  these same t h i r t e e n  

values of 8 ,  are presented i n  t h e  series of f igures  designated as Figures 

19 through 31, respec t ive ly  (the reader i s  also re fer red  t o  the  Frontis- 

p i ece  f o r  a p i c t o r i a l  representation of Figure 19). 

* It was not evident how much l i b e r t y  could be taken in  t h i s  smoothing 
o u t  operation, t o  dis t inguish  between reading f luc tua t ions  and functional 
var ia t ions .  The f i n a l  isophote p l o t s  indicated, however, t h a t  minor 
ind iv idua l  po in t  f luc tua t ions  s t i l l  p e r s i s t  i n  t he  values oE 7 = 9(Ul rl 0)  
which could be reduced t o  some fur ther  extent. 
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F i g u r e  19. P l ane  image of photoluminescent  homogeneous s p h e r i c a l  
c loud  as seen b y  an obse rve r  a t  an  ang le  d = 0’ w i t h  
t h e  sun, showing i sopho te  c u r v e s  u ( ? , , h , d )  = c o n s t a n t ;  
o p t i c a l  depth  cre = 1 ,  r a d i u s  of sphe re  K = 4 .  
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F i g r e  20. Plane ima;c of p h u t o l m i n r  s c e n t  homo.:cxneous s p h e r i c a l  c loud 
as seen  5 )  an L)Ilsc,rvttr a t  an  ang le  J = 10' w i t h  t!ie sun ,  
showin 
(3 = 1, r a d i u s  o t  sphere  R = 4 .  

i s q h i ) t e  curves  0 (T,,n,d) = cor .s tant ;  o p t i c a l  depth  

e 
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Figure 21. Plane image of photoluminescent hdmogcneous spherical 
cloud as seen h y  an observer at an angle 3 = 20' with 
the sun, showin': isophote curves c(Ti,h,O) = constant; 
optical depth ce = 1, radius of sphere  R = 4 .  
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Figure 22. Plane image of phdtoluminescent homogeneous spherical 
cloud as seen by  an 01 server at an angle d = 30' with 
the sun, showing isophote curves r (T ,h ,O)  = constant; 
optical depth u = 1, radius of sphere R = 4. e 

i 
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Fi;ure 23. Plane  image of photoluminescent homogeneous s p h e r i c a l  
c loud  a s  ste:i j an o serv.:r a t  an a n g l e  0 = 40' w i t h  
t h e  sun,  showinr i sophote  c u r v e s  ~ ( * , , h , 3 )  = c o n s t a n t ;  
o p t i c a l  deptii cr = 1, r a d i u s  of s p h t r e  R = 4 .  e 
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F i g u r e  24.  Plane  !ma re of p!iotali*mlr,esccnt hamo;t,neous s p h e r i c a l  
c loud as s te .  . ) y  an o st'rvtr a t  an a n g l e  3 = 5OU w i t h  
t;ie sun ,  s1iowixi i sop ' ia te  curves ~ ( ~ ~ , h , 3 )  = c a n s t a n t ;  
o p t i c a l  d e p t h  c = 1, r a J i u s  o i  sphe re  R = 4 .  e 
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Figure 25. Plane image of photoluminescent homogeneous spherical 
cloud as ween by an observer at an angle 8 = 70' with 
the sun, showing isophote curves u(Toh,8)  = conetanti 
optical depth ue = 1, radius of sphere R = 4 .  
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F i g u r e  2 ~ .  Plane  image of photoli iminvscect homo:eneoue s p h e r i c a l  
c loud as  seen 5y an oLscrver a t  an angle 8 = ':Oo with 
the sun, showing i sophote  curves $(T,,h,6) = c o n s t a n t ;  
o p t i c a l  depth  u = 1, radius of sphere R = 4 .  e 
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I 
i FiLmre 2 7 .  P l a n e  image o f  photoluminescent homogeneous s p h e r i c a l  

c loud  a s  seen  by an obse rve r  a t  an a n g l e  8 = 110' with  
t h e  sun,  showing i sopho te  c u r v e s  a( : , ,h ,8)  = c o n s t a n t ;  
o p t i c a l  depth  cr = 1, r a d i u s  of sphe re  R = 4 .  e 
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Figure 28. Plane image of photoluminescent homogeneous spherical 
cloud as seen by an observer at an angle 8 = 130' with 
the sun, showing isophote curves u(Ti,h,f3) = constantj 
optical depth u = 1, radius of sphere R h4. e 
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Figure 2 9 .  Plane image of  photol.minesccnt homogeneous spher ica l  : 

cloud as smii by a n  observer a t  an angle 0 = 150° with 
the sun, showing isophote curves a(; , ,h,d) = constant;  
o p t i c a l  depth CT = 1, rad ius  of sphere R = 4 .  

0 
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Figure 30. Plane image of photolumineecect homogeneous spherical 
cloud as seen by an observer at an angle 0 = 170' with 
the sun, showing isophote curves cr(tl,h,Q) = constant; 
optical depth u = 1, radius of sphere R = 4. e 
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Figure 31. Plane image oL photoluminesctnt homogeneous spherical 
cloud as seen by an obeerver at an angle 0 = 180° with 
the  sun, showing isophote curves o(:,,h,e) = constant; 
optical depth u = 1, radius of sphere R = 4 .  e 
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This concludes t h e  discussion of t he  graphical approach 

t o  t h e  construction of t h e  isophote curves i n  the  image plane (V-.,h) 5or 

a given o r i en ta t ion  0 of the  observer relative t o  t h e  sun. 

The reader should r e f e r  t o  the  remarks i n  paragraph B.1 

relative t o  t h e  appl ica t ion  of t h e  tabular  values of the  brightness func- 

t i o n  t o  la rger  s ize  spher ica l  clouds ( that  is, E grea te r  than four  o p t i c a l  

lengths). 

In paragraph C of t h i s  sec t ion  an excursion i n t o  an 

ana ly t i c  approach t o  t h e  phase function problem is  made. 

ease, with which the  analog (graphical) approach circumvented t h e  need 

f o r  a de ta i l ed  descr ip t tan  of t h e  c i r c u l a r  arc regions, is made a l l  t he  

more evident by con t r a s t  with t h e  minute ana lys i s  necessitated by an 

The evident 

ana ly t i c  approach. 

ta ry ,  it i s  soon found t h a t  a handling of t h e  problem (of defiai'ng the 

function ff = C(V. , r ,e)  by simple-valued ana ly t i c  representations) is not 

a sltmple task. 

Though the  l eve l  of mathematics involved is  elemen- 

1. Case I: _,_ o <, e 90' -I- Q, QI = a rcs in  (1/2 e/r) 

In  Figure 32 l e t  t h e  circles with centers  a t  A, B, 

and C be designated e i t h e r  as 

Each has a rad ius  r. 

A, B, and C o r  as 1, 2, and 3, respect ively.  
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Figure 32.  Schematic of plane section of trur.cated photoluminescent 
cloud so l id ,  0 5 0 5 90' + a .  - -  
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The o p t i c a l  length (depth) is designated a s  e, 

so t h a t  

IA B I  = I A  c ]  = e (12) 

The point  E on the  C circle is defined by the  (para- 

metric) angle u EO t h a t  

(13) 
X - MCE = f) 1 

where M is a poin t  on t h e  +axis and C is  the or ig in ,  V = 0, d = 0, of t h e  

9, coordinate system associated with circle C. 

L e t  a(l), a(2), and a(3) designate the  d is tance  from 

the  Vuaxis, d = 0, t o  t h e  circles 1, 2, and 3, respect ively,  measured along 

an 7 = constant l ine.  - 

2 
a(2) = e - e cos 8 + 1 - (r cos o - e s i n  6)  (14b) 

br 

The brightness function U(V., rl e) is defined as t he  

(chord) length of t h e  in t e r sec t ion  of t h e  l i n e  q = constant across t h e  

c i r c u l a r  arc region U-V-W defined by the  three  circles A, 8 ,  and C. 

For u i n  t h e  range 0 C 0 <, 1KX-J = 180' - 01, it is seen from 
t 

an inspectionof Figure 32 t h a t  

u(1) = e + r s i n  f) ( 1 4 4  
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and for u in range 130' - a <, 0 <, lEOo 

and 

where 

~( l+)  = e + r sin 1) 
~(1-) * e - r sin u 

sin ~1 = 1/2 e/r , a = arcsin (1/2 e/r) (15) 

Let the intersection of circle 1 with 2 be designated 

by (1, Z),cIrcle 1 d t h 3  as (1, 3) ,  and circle 2 with 3 as (2, 3); these 

points of intersection are labeled Us W, and V, respectively in Figure 32. 

(The diametrically opposite points of intersection are not needed in this 

case. ) 

To find the value 02 u corresponding to the point U: 

(1, 2), one requires that 

This means that 

2 1 /2  
(16a) 

2 e + r sin u = e - e cos e + [r - (r cos u - e sin e) ] 

according to the formulas in (14). 

Eliminating the term e and moving the term e cos 8 

to the left hand side and squaring and simplifying, it is seen that at U: 



e = 2r  s i n  (6 - u) 1 2 r  sin [180° .. @ - I>)] (165) 

according t o  (15) 

e = 2 r  s i n  a! 

so t h a t  one has by comparison of (15) and (16b) t h a t  e i t h e r  

I 
I 
I 
I 
I 
I 
1 

8 - 0 = a or 180' - (e - u) = CY 

To reso lve  t h i s  branch question, i t  is necessary t o  

(1, 2). The dia- consider t h e  po in t  F on t he  c i r c l e  2 when it is a t  U: 

gram i n  Figure 33 is usefu l  i n  t h i s  reso lu t ion .  

so t h a t  

An inspection of Figure 33 d ~ s d l o s e s t h a t  

u s a :  = e  

o = 0 - a :  a t  U :  ( 1 , 2 )  (16d') 

The necess i ty  OB se l ec t ing  between mul t ip le  choices 

o€  t h e  values of t h e  va r i ab le s  involved is a continu€ng t a s k  inherent i n  

t h i s  a n a l y t i c  approach. 

The value of 0 associated with t h e  i n t e r s e c t i o n  

po in t  (2, 3) a t  V is determined by t he  equation 

a(2) = a(3) 

This means t h a t  

2 1/2 
= T s i n  'u ( 1 7 d  

2 e - e cos e + [r - (r cos u - e sin e) J 

according t o  the formulas i n  (14). 
05 
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Figure 33. Diagram to determine U at U : (1,2). 
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Rearranging terms and squaring, one has  

f 

2 2 2 (r s i n  o -+ e cos e - e) = r - (r cos u - e s i n  6 )  

which reduces t o  the  equation 

e (1 - cos e) = r [ s in  'u 4- s i n  (e - u)] 
f o r  the  nngle u a t  t h e  poin t  V : (2, 3). 

(17b) 

It i s  convenient a t  t h i s  t i m e  t o  introduce the  

rec tangular  coordinates q., U associated with t h e  9, 5 re ference  system 

assoc ia ted  with t h e  circle C: 

9 = r cos 0 and 5 = r s i n  u 0 7 d )  

Using these  d e f i n i t i o n s  of r cos U and r s i n  U i n  t h e  

expanded form of equation (17c) it is found t h a t  t h e  9, U r e l a t ionsh ip  a t  

t h e  po in t  V : (2, 3) is  

e s i n  1/2 0 = d s i n  1/2 8 + rl cos 1/2 8 

In  terms of t h e  coordinete q. 

Equation (17%) i s  a s i n g l e  equation i n  t h e  two un- 

knows 

r e l a t i n g  t\ and Cr i s  

and (r a t  t h e  poin t  V : (2, 3) of t h e  c i r c l e  C. A second equation 

2 2 2  r = r l + C r  
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t h e  zquzjt*bn ai' &e c i r c i e  C i n  the  9, d Zrame. Combining (17g) and (17f) 

r e s u l t s  i n  t h e  equation 

nhich 5s quadra t ic  i n  U. %e canonical Zorm of t h i s  quadra t ic  equation i s  

2 2 2 2  
(Q - e s i n  2/12 = (r - e s i n  1/2 9 )  cog2 112 8 (171) 

Extracting t h e  square root  i t  is seen t h a t  Q a t  V : 

(2, 3) i s  determined by t he  branch po in t  equations 

2 u = e s i n  112 e + J r 2  = e2 s i n 2  I/Z e cos 1/2 e 

and 

2 2 cr = e sin 1/2 e -4 r2 - e2 s i n  1/2 e cos 1/2 8 

The reso lu t ion  02 t h e  branch question i n  t h i s  case, 

a s  t o  which of these  two equations t o  use t o  de f ine  U = r s i n  'u a t  V : (2, 3) ,  

cons ider  Figure 32 as 8 3 0 : when 6 + 0, po in t  C + po in t  B and the  poin t  V : 

(2, 3) then f a l l s  on t h e  y-axis as t h e  U-axis + y-axis; meanwhile the  

equations (17jr) and (17j") take  on t h e  forms Q = r and d = or, respectively.  

Scnce u 2 r when B 2 0, according t o  Figure 32, t he  choice of cr i s  

resolved: 

Q = e s i n 2  1/2 6 + [r2 - e* s i n 2  112 cos 1/2 [ a t  V : (2, 3) (17k) 
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which requires  tha t  

I 

I 

I 

1 

i 

eL 2 
r 

- 
I) 1 O(V) arcs in  [: s in2  1/2 8 +jl - 7 s i n  1/2 8 cos 1/2 0 )  a t  V : ( 2 , 3 )  

(173) 

since 6 = 1: s i n  t), according to  equation (17d). 

To find the  value of 0 corresponding t o  the point 

W : (1, 3), one requires  tha t  

This means t ha t  

I 
according to equation (14e2)  and Figure 32 ,  with I) i n  the  range 1809 a! 

<, 0 6 180'. 

Evidently, from (I&), the  angle 0 is determined by 

the  relat ionship 

2r s i n  o = e a t  W : (I, 3) 

But 

e = 2r  s i n  CY = ~u sin (ICOO - a) 
so t h a t  

I) = 180' - x a t  W: (1, 3) 

s ince  the choice 'u =a! is excluded by Figure 32. 



This concludes t h e  determination of t h e  end po in t s  

U, V, and W of t h e  c i r c u l a r  arc region U, V, V, so t h a t  t h e  ranze of t h e  

parameter u is known 8s 9 - r cos 'u sveeps through t h e  range of d e f i n i t i o n  

of t h e  br ightness  func t ion  V ( 9 ,  r,, 6). 

According the  shape and o r i e n t a t i o n  of t h e  c i r c l u a r  

a r c  region U, V, W i n  Figure 32, the  function a(V, r ,  e) has  t h e  following 

def in i t ions :  

. .  

f o r  u i n  t h e  range U : (1, 2) c * V  : (2,3), 

so t h a t  

2 1/2 
(19a') 2 v(qv r ,  e) = r sin u + cos e - [r .. (r cos u - e s i n  e) ] 

.. - 
f o r  u i n  t he  range 8 - a! <, u 2 u(V), where u(V) is defined by equation 

(174); f o r  0 i n  t h e  range V : (2, 3) -11 : (1, 3) 

- 

so t h a t  

m, r-, e) = e (19b') 

f o r  U i n  t h e  r anse  u(V) <, U <, 180' - a! , where Cx = a r c s i n  (1/2 e/r); 

and, f i n a l l y ,  for 'U i n  t h e  range 180' - a! <, U <, 180' 

a(7, r r  e) S ~( l+ )  - ~(l-)  

- 

- 

2r s i n  'U 



Reference is made to Figure 34 and to thenota$ion used in 

Case 1. 

An examination of Figure 34 reveals that 

a(1) = e 9 r sin 'u for 0 <, O <, 180' - cr; - 

vhile 

~ r ( l + )  = e + r sin u 
~ ( l o )  = e - r sin o 

for 180° - tZ <, O <, lGOo - -  (2Oa') 

Further, f o r  U in the range U : (1, 2) W v : (2, 31, 

2 112 
a(2+) = e - e cos e + [r 2 - (1: cos 'U - e sin 0 )  ] (20+ 

for u satisfying the ineqedi ty  

r sin u > e - c cos 8 (20b;) 

while 

2 112 
~(20) = e - e cos e -[r 2 0 (r cos o - e sin e) 1 (20bi) 

for 'U satisfying the unequality 

r sin v < e - e cos 8 

Furthermore 

(r(3) = r sin U for 0 <, 'U < = 180' 

IC1 

(20;;) 
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A comparison of t he  formulas f o r  U ( l ) ,  V(29), and ~ ( 3 )  f o r  

t h e  two cases,  Case 1 and Case 2, shm7s t h a t  t h e  formulas are i d e n t i c a l  i n  

these  two cases. This means t h a t  the end-point i n t e r s e c t i o n s  U : (1, 2), 

V : (2, 3), and 11 : (1, 3) a r e  determined by conditions on U for Case 2 

which a r e  i d e n t i c a l  wi th  those required i n  Case 1. That is  t o  say, t h e  

values of t h e  angle u a t  t h e  end-points are determined by t h e  following 

conditions: 

and 

according t o  equations (16b), (17 j f ) ,  (17jf), (17j”), end (18b), respec- 

t i ve ly .  

A compatible 

u = e - a  

In regard t o  

root  of equation (21s) i s  

f o r  U : (I, 2) (212) 

equation (21b) r e c a l l  t h a t  t h e  formula €or 

u(2+) e n t a i l s  t he  inequa l i ty  

U - r s i n u > e - e c o s e  (20b’) 

This means t h a t  i n  order  t h a t  equations (21b) and (20b”) be compatible i t  

is  necessary t h a t  6 s a t i s f y  t h e  inequal i ty  condition 



wherein t h e  i d e n t i t y  

2 
e = e cos e < 1/2 e (1 - cos e )  * d r 2  - e2 s i n  1/2 0 cos 1 / 2  0 

(21b') 

is used. 

Recall t h a t  Case 2 p laces  8 i n  t h e  range 90' + (11 <, - -  8 5 180'- 

2a so t h a t  1/2 8 is  i n  t h e  range 

c i  
45' -h 1/2 cx <, 1/2 8 <, 900 = a, a! = a r c s i n  (1/2 e / r )  < 90' (21b ) - -. 

On t h e  o the r  hand, note from a simple adjustment of equation (21'0) t h a t  

It 
But cos 1/2 €3 >O fo r  1/2 8 i n  t h e  range spec i f i ed  by equations (21b ) and 

(21b ). 

sign. 

N ?  
Hence t h e  p o s i t i v e  sign has  t o  be used i n  f r o n t  of t h e  radPcal 

The impl ica t ion  is t h a t  t h e  i n t e r s e c t i o n  V: (2, 3) is 

determined by a value of u which i s  t h e  saute as t h a t  used i n  Case 1: 

wherein t h e  r e s t r i c t i o n  imposed on ~ (23 . )  r s i n  u(V)>e - e cos 8, a t  

V : (2, 3), is s a t i s f i e d *  

* 
A-discussion of t h e  a p p l i c a b i l i t y  of t h e  formula a(2-), l i s t e d  i n  
equation (20b:), is not taken up in t hese  cur ren t  remarks abour Case 2. 
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Fina l ly ,  i n  regard to equation (21c), i t  is evident from 

an inspection of Figure 34 t h a t  

u = lcoo - a a t  w : (1, 3) ( 2 1 2 )  

The formulas f o r  the b r i zh tness  func t ion  u = ~ ( 7  , r - ,e)  f o r  

Case 2 a r e  i d e n t i c a l v i t h  those €or Case 1 2or a l l  values of u i n  t h e  region 

05 d e f i n i t i o n  U, V, W of u(7 , r. ,e). 

3. Case 3: l C O o  - 2a < 8 < 180' - a, a = a r c s i n  (1/2 e/r 
! = L .  

Reference i s  made t o  Figure 35 and the r o t a t i o n  used i n  

Cases 1 and 2. 

Note i n  Figure 35 t ha t  LI d iame t r i ca l ly  opposite c i r c u l a r  

arc reg ion  Ut, VI, W i s  introduced i n  th5s Case 3 i n  addi t ion  t o  the 

customary U, V, F? region of t h e  previous tnno cases, Case 1 and Gase 2. 

The U t ,  V I ,  FJI region is assoc ia ted  with p o s i t i v e  values 

of 7 

assoc ia ted  with nesa t ive  values of 7) 

'1 > 0, wherein 'u is i n  t he  range a! C 0 <, 90'; t h e  U,V,W region is 1 - -  
7 < 0 ,  vhere in  'u i s  i n  the  range 90' 1 

< u woo - a. 

An inspec t ion  of t h e  U', VI, !I' region of Figure 35 r evea l s  

t h a t  

and 

~ ( 3 )  = r s i n  u 

.An- 
1u2 
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Figure  35. Scheme when 8 is i n  t he  range 180' - 2cx <; 8 - 180' - a. - -  
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The corners Ut : (1, 2 ) f s  VI : (2, 3)?, and W’ : (1, 3)’ 

of the Ut, VI, WI region are determined i n  the same manner as i n  the pre- 

vious two cases: 

U’ : (1, 2) 3 a(l-) - a(2-) + e = 2 r  s in  ( u + e) 

so that  

u = 180° - e - a! a t  U’ : (1, 2) 

Furthers 

so that  

Fine 11 y , 

which implies that  

e(?. - cos e) = r s i n  (e - u) + r s in  u 

or tha t  

2 2 2 e s i n  1/2 8 = tl s in  e + 2cr s in  1 / 2  e 

for the  q, U coordinates of the point VI on the c i r c l e  C, - 

tl = r c o s u ,  d = r s i n v  

(23~”)  
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Since V f  : (V, a) at (2, 3)' is on the circle C of radius r1 

r2 = v2 + r2 (23c"f) 

Further, from (23~") 

9 = (e - a) tan 1/2 e (2 3c l'tf ) 

Eleminating 9 between equations (23c"t) and (23clNt) results in the equations 

for a = r sin 0 at the point V' : (2, 3). 

An examination of the conditions at the point Vt : (2, 3)' 

shows that the negative sign is required in the definition of 0 at VI : (2,3)r 

nccnrd€nolv. 

U =: U(VE!) = orcsin [e/r sin2 1/2 6 - 1 - 2  sin 1/2 6 cos 1/2 61 
-- i --f 

at VI : (2, 3) (2 3cv) 

In regard to the U, V, W region in Figure 35 it is readily 

demonstrated that 

U(1-F) = e + r sin u Cor 90' < o < 180' - a (24a 1 

and 

~ ~ ( 1 - k )  = e + r sin o 

~ ( 1 - )  = e - r sin 'U 

for 180° - Q1 <, 0 < 180' - . =  
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Further 

and, a s  usual, 

a(3) = r s i n  'U ( 2 4 4  

The corners U, V, and W of the u, V, W region have the 

following definit ions:  

so that 

further , 

w : (1, 3) + u(1-) = ~ ( 3 )  3 e = 2r sin t) (25b) 

so that 

and, f i n a l l y ,  
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which implies t ha t  

o = U(V) ISOO - nrcsin [e/r s in2  1 j 2  e -I- d= 1/2 e] 
r 

a t  v : (2, 3) 

Consider now the brightness function U(V, r , e) and i t s  

def in i t ion  as the  length of chord across the  boundary of the  c i r cu la r  arc 

region when the chord has the andirection associated with the (7 

reference system of circle C. 

V) 

The enlarged view i n  Figure 36 c l ea r ly  points  out the 

in t r icacy  of the  def in i t ion  of t he  function u(ql r1 e) because of the 

length and or ien ta t ion  of the chord of the  boundary of the  U, V, W, region. 

Reading from Figure 36 i t  i s  seen tha t  there  a re  four 

regions: 1, 11, 111, and I V  of def in i t ion  of the  angle u i n  L& c k ~ ~ k z  

arc region U, V, tJ i n  Case 3: 

The ro ta t ion  (1, 2), (1, 3),  and (2, 3) as t he  in te rsec t ion  point of cir- 

cles 1 and 2, 1 and 3, and 2 and 3, respectively,  i s  famil iar ,  where circle 

1 has the point A as center (and i s  a l so  referred t o  as c i r c l e  A), circle 

2 (- circle E) has point B as center, and circle 3 circle C) has point 

C is center,  The ro t a t ion  (1, 1) s ign i f i e s  t he  extremity of circle A 

r e l a t i v e  to t h e  11 direct ion,  etc. 
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The Zollotring 

Figure 36: 

distance 2ormulas are read d i r ec t ly  off 

I: ~ ( 2 0 )  = e - e 

and 

~ ( 1 - k )  = e + r s i n  v 

a(2+) = e - e cos e + [r2 - (-r cos u + e sin e) I 
2 112 

~ ( 3 )  = r s i n  u 

111: ~(1+) = e + r s i n  v 

~ ( 3 )  = r sin 'U 

fV: a(l+) = e + r s i n  f) 

a(l-) = e - r sin u 

The end points of the regions I, 11, 111, and IV a r e  defined 

by the  following conditions: 

so that  

1) - arcs in  [e/r sin2 1 / 2  8 + 1 - 2 sin 1/2  8 cos 1 /2  e ]  a t  (2,3) 4 -:2 
so that 

. - -  

r2 - (-r cos 0 + e sin e l 2  = o 
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or 

(r + r cos u - e s i n  e) (r - r cos 'U + e s i n  e) = 0 

This means t h a t  D s a t i s f i e s  either of t he  following 

r (1 + cos U) = e s i n  8 o r  r (I I. cos u) = - e s i n  8 (28b) 

It i s  immediately evident t h a t  t h e  e s i n  8 equation i n  (28b) i s  extraneous 

s ince  1 - cos D 2 0. Hence t h e  angle u a t  (2, 2) i s  determined by t h e  con-. - 
d i t i o n  

a cas2 1/2 u = e / r  s i n  e 

t h a t  is, 

BO t h a t  

D = 180' - a a t  (1, 3) 

f i n a l l y ,  

(1, 1) 3 a(l+) = a(1-) s i n  u = 0 

so t h a t  

u = 180' a t  (1, 1) 

With these  de f in i t i ons  05 t h e  end-points of t he  four 

reg ions  of U, V, N i n  hand one can set down t he  following d e f i n i t i o n s  of  

t h e  br ightness  func t ion  

Cese 3: 

u = U(V , re., e) r e l a t i v e  t o  t h e  U,V,W region of 
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I: W ( v l  r1 6) = U(2+) - a(3) 

so t h a t  
1 

2 5 -  a(Tl r1 e>  = e - e cos 6 - r s i n  u - [r2 - (r cos ij - e s i n  O >  3 

i 
I 

so t h a t  

2 1312 2 a(vl rl 6) = e - 2[r  - (r cos u - e s i n  e)  ] 

so t h a t  

and 

IV: ~ ( 7 ,  r1 e) Z a(l+) - u(-) = 2r  s i n  u 
- 

4. Case 4: 180' - a 5 0 <, 180' , CY = a r c s i n  (1/2 e/r) - 

When 6 i s  i n  the  range (180' - a, 180°), so t h a t  the 

observer i s  Looking a t  t h e  photoluminescent cloud i n  t h e  near d i r e c t i o n  

of  t h e  sun, t h e r e  a r e  two regions of d e f i n i t i o n  Ut, VI, WI and U, V, 11 

f o r  t he  br ightness  function d = rl e ) ,  a s  shown i n  Figure 37. 

FollovJing the r o t a t i o n  and desc r ip t ive  scheme used i n  

Case 3 (where the re  were also two main regions U', VI, W' and U, V, H), 

i t  is poss ib l e  t o  write down t h e  following statements a f t e r  an inspec t ion  

of Figure 37: 

- -  
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Figure 37, P l a n e  sec t ion  c ircular  arc regions Ut, VP, WP and 

U, V ,  W when 180' - cx - 8 180'. - =  
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where 

and 

W' : (1, 3)' 3 a(l-) = a(3) 

In this case, 

a(l+) = e + 1: sin U 
cr(l-) = e - r sin U 
a(2) = e - e COS e - [r - (r cos 'u - e sin e) ] 

2 2 1/2 

and 

~ ( 3 )  = r sin 3 

The intersection points U f ,  V f ,  and Wr require the folow- 

ing conditions on the angle U: 

so that 

9 = a  - (180" - 0 )  at Ut : (1, 2) 
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so t h a t  

u , a a t  W' : (1, 3) 

and, f i n a l l y ,  

VI : (2, 311 -, 2e s i n 2  1/2 e - u = q s i n  e - Q cos e 

o r  

q = (e -a) t an  1/2 e 

so t h a t  

2 2 cF = e s i n  1/2 e -4 r 2  - e2 s i n  1/2 e cos 1/2 e 

2 2  s ince  r2 = 9 4- u on circle C. It follons from and t h e  d e f i n i t i o n  

Q = r a t n  0, t h a t  

1/2 8 cos 1/2 e]  a t  VJ:  (2,3) 2 
5 a r c s i n  [e / r  s i n  1/2 e - 

With t h e  endpoints of t h e  regions It, 111, and 111' deter- 

mined by t h e  foregoing formulas, t h e  parameter D is  adequately defined i n  

t h e  fo l l a7 ing  formulas f o r  t h e  brightness function u(ql r1 0) i n  t h e  U!, V I ,  

W t  region: 

It: 

11': 

cr(ql rl e)  = 2r  sin 1) 

v(ql r1 e) = r s i n  o - e co8 e - [r - (cob u - e s i n  e)  ] 
2 1/2 2 

and 

2 2 1/2 
III?: a(vl rl e) = e - cos 8 - r s i n  u - [r -(r cos 'U - e s i n  e) ] 



For rl < 0, 

where 

(1, 1) + a(l+) = u(l-) -b D = m0 

and 

wherein 

6(1+) = e + r s in  o 

~(1-)  - e - r sin t) 

cr(2) = e - e cos e -4 r2  - (r cos u - e s i n  e) 

~ ( 3 )  = 1: s in  b 

2 

The U, V, and FJ intersection points are defined by the  

following values of U: 

1 2 
e 

r 
V : (2,3)": .O = 180' - arcsin [e/r sin2 1/2 8 1- 2 sin2 3 8 cos p ]  

and 

W : (1,3) : 0 5 180° - Q 
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'Ihe br ightness  ;unction U(rl r e) has  t h e  representations:  1 %  
2 2 1/2 I: U(Q r 8 )  = e - e cos 6 - r s i n  'U - [r -(r cos w e  s i n  8 )  ] 1 1  

11: u(ql r1 e) = e 

111: U(T) r e) = 2r  s i n  D 1 1  

5 .  Concludinn Remarks 

This concludes t h e  explorctory a n a l y t i c  i nves t iga t ion  of 

t h e  br ightness  function proposed a t  t h e  s t a r t  of paragraph C. 

t i g a t i o n  of the  func t ion  U(q r 1 1  
varying 8. 

This inves- 

0) = d centered on t h e  v a r i a t i o n  of t~ with 

The v a r i a t i o n  of a(sl, r, e )  relative t o  the  magnitude of 

t h e  r a t i o  e / r  is l e f t  as a fu r the r  

Before an ana ly t i c  

IT = a(r) r 0)  can be reduced t o  a 

9 = q(u r e) zor .P = 1/10 S, s = 

1 1  

l a  

I I  

t a sk  t o  be done (see Figure 15). 

formulation of t h e  br ightness  func t ion  

numerical procedure whereby values of 

0, 1, ..., 9, 10, say, can be groundout, 

i t  i s  absolu te ly  necessary t o  examine i n  fu r the r  d e t a i l  a l l  t h e  poss ib l e  

subdivisions of t h e  reZions Ut, VI, 11' and U, V, W €or a l l  poss ib le  values 

02 q i n  - R <, 7 <, R, of r i n  0 <, R R, and of 8 i n  0 <, 8 < K O o .  - - - =  

In  those  cases  where the  cloud r ad ius  R is very l a r g e  com- 

pared t o  the  o p t i c a l  depth of penetration, e, so t h a t  e/r can be q u i t e  

small, 0 < r < R, compared t o  unity,  i t  might be poss ib l e  t o  cu t  through 

t h e  i n t r i c a c i e s  of branch cu t  declsions (inherent i n  the  a n a l y t i c  approach), 

on t h e  b a s i s  of 8ome physical axgment, so as t o  be ab le  t o  sketch out 

t h e  f u l l  isophote curves i n  t h e  image plane,  i n  some easy manner. 
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D. BI!RlI"TAL CHECK 

It i s  t h e  funct ion of t h i s  s ec t ion  t o  check i n  a gross  manner 

A s  an example the  t h e  general  na tu re  of t h e  r e s u l t s  ca lcu la ted  e a r l i e r .  

chemical r e l e a s e  "Lily" of the  F i r e f l y  program was se lec ted .  

experiment 8 kilogram of 0.2 - 2 . 0 ~  aluminum oxide was re leased  a t  14C km 

under t w i l i s h t  condi t ions  a t  0402 CST, 21 Ju ly  1960. 

was 0.1 kms and grew slowly t o  a l i t t l e  over 1/2 ki lometer  a t  t he  end 02 

one record. 

t i o n  is  not  too nsymctrfc. lhis r e l e a s e  was se l ec t ed  because of t h e  

e v a i l a b i l i t y  of reasonable  photographs of t he  e a r l y  per iod before  the  

cloud was o p t i c a l l y  thin.  Moreover, t h e  mathemetical and geometrical  

a n a l y s i s  although developed o r i g i n a l l y  f o r  i s o t r o p i c  s c a t t e r i n g  is a l s o  

v a l i d  Icor ass;ae+ric s c a t t e r i n g  i n  t h e  approximative model used. 

i s  so because t h e  demarcation involving t h e  c ross -cu t t ing  of two c i r c u l a r  

a r c s  with the  o r i z i n a l  circle has  f o r  i t s  s c a l e  i n  both d i r e c t i o n s  t h e  

I n  t h i s  

The i n i t i a l  diameter 

For t h e  Mie s c a t t e r i n g  func t ion  a t  on cr: 1.2 t h e  phase func- 

This 

forward s c a t t e r i n g  o p t i c a l  depth. Consequently, t h e  geometrical  construc- 

t i o n  remains the  same. However, t he  absolu te  br ightness  of t h e  image 

would vary wi th  t h e  phase angle  i n  a manner dependent upon the  na ture  of  

t h e  s c a t t e r i n g  function. A l l  of t he  d iscuss ion  assumes t h a t  t h e  photo- 

graphic  set-up is adequate t o  p i c t u r e  t h e  b r i zh tness  leve l .  

Fizure 36 gives  p i c t u r e s  of t he  e a r l y  t i m e  h i s t o r y  of t h e  

growth where the  phase angle  i s  estimated a t  (not given) between 70 and 

130 degrees. 

curves  of t h e  preceeding section. 

make exact  c a l c u l a t i o n s  a s  of t h i s  t i m e .  However, i t  is pointed out  t h a t  

The p i c t u r e s  resemble very c lose ly  some of  t he  t h e o r e t i c a l  

It i s  not  considered appropr ia te  t o  
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the shapes depicted .in these  photographs have previously been a t t r i b u t e d  

to  uneven burs t ing  of t h e  canis te r .  

t i o n  would i n d i c a t e  t h a t  t he  morpholozy of such shapes is due purely t o  

t h e  s c a t t e r i n g  process and not t o  the anisotropy of t h e  release.  Nore- 

over, a judgement can be made a s  t o  the  o p t i c a l  depth of t h e  cloud Zrom 

t h e  geometrical shape of t h e  v i s i b l e  sec tor .  

growth can be deduced. 

The simp1i;iied ana lys i s  of this sec- 

From t h i s  t he  r a t e  of 
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